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ABSTRACT
Recent advances in flexible and wireless sensors, soft mate-

rials, and additive manufacturing, have stimulated demands for
developing intelligent systems that can achieve multidisciplinary
objectives (e.g., mechanical strength, thermal conductivity, state
and input estimation, controllability, and others). Existing studies
often decouple these objectives through sub-system level design,
e.g., topology and material design for mechanical and thermal
properties, and filter and sensor/actuator design for observability
and controllability, assuming that the sub-systems have minimal
influences to each others. To investigate the validity of this as-
sumption, we take a unique angle at studying how the topology of
the system influences both structural performance (e.g., compli-
ance under static loads) and input observability (e.g., the error in
estimating the loads). We reveal a tradeoff between these two ob-
jectives and derive the Pareto frontier with respect to the topology.
This preliminary result suggests the necessity of a multiobjective
formulation for designing intelligent structures, when significant
tradeoffs among system objectives exist.

Nomenclature
m Input dimension
n State dimension (n = 2nd)
nd DOF of the finite element model
nm DOF of each finite element
nx Number of finite elements in x direction

∗Address all correspondence to this author.

ny Number of finite elements in y direction
r Output dimension

1 Introduction
We consider the topology design of mechanical structures

with respect to both its compliance under static loads and input
observability. The former measures structural stiffness, while
the latter the accuracy of estimating unknown inputs (e.g., ex-
ternal forces or heat sources) from potentially noisy output mea-
surements (e.g., displacement, acceleration, and temperature).
Demand grows for structures with both desired compliance (e.g.,
low compliance for supporting structures and high compliance for
compliant mechanisms [1]) and high observability, as technolo-
gies in wireless sensing, materials, and additive manufacturing
continue to advance. Such novel structures (or meta-materials)
that satisfy both mechanical and control requirements have wide
applications in automotive, civil engineering, robotics, soft elec-
tronics, and other engineering domains.

Existing studies typically decouple the structural design for
compliance [2–4] from the sensor/filter design for input observ-
ability [5, 6]. Existing research on this issue often use the as-
sumption of known initial system states. The input observability
is hence equivalent to the invertibility of the system [5,7,8]. Some
others drop this assumption and investigate the feasibility of joint
state and input estimation [9, 10], rendering stricter conditions
for observability. Based on the observability analysis, different
methods/algorithms have been proposed to solve the input esti-

1 Copyright © 2017 by ASME



FIGURE 1. Cantilever beams with random topology (i.e., mass distri-
butions) show tradeoff between compliance and observability. Compli-
ance is calculated based on the static equilibrium state under the applied
boundary conditions. Observability is defined as the variance of the
input estimation error under output measurement noises. See Sec. 2 for
more rigorous definitions of these two criteria. Insets show two sample
topologies and the boundary conditions.

mation problems [11–15]. Some of the works study the estima-
tion problem in the context of structure system dynamics [6, 16].
Recently, there have also seen efforts in sensor deployment for
sensor-structure integration [17, 18]. However, the influence of
structure topology on input observability is rarely investigated.

The unique contribution of this paper is thus to quantify the
influence of topology design on both compliance and input ob-
servability. We show that there exists a tradeoff between these two
criteria with respect to the topology (as demonstrated in Fig. 1),
and formulate a compliance minimization problem with an ob-
servability constraint. We then derive the optimality conditions
of the resultant problem and propose an efficient algorithm to
search for topologies that satisfy these conditions. The algorithm
can be extended to other problem settings, e.g., where a target
compliance is to be met.

Some assumptions should be highlighted here andwill be dis-
cussed in Sec. 4: We assume an elastic material and small struc-
tural deformation, under which conditions the dynamical system
can be considered as linear time-invariant; the Solid Isotropic
Material with Penalization (SIMP) [19] method is used to model
the material modulus-density relationship (see Sec. 3); and lastly,
we assume that the potential inputs will be applied to a known
finite set of locations on the structure, where accelerometers are
installed.

The rest of the paper is structured as follows: We first pro-
vide background knowledge in Sec. 2. In Sec. 3 we derive the
optimality conditions for the constrained topology optimization
problem and propose a solution strategy based on sequential lin-
ear programming. Sec. 4 analyzed the results and discussed the

limitations and extensions of the proposed method. We conclude
with Sec. 5.

2 Background
Due to the multidisciplinary nature of the paper, we dedi-

cate this section to briefly introduce the background of topology
optimization and input observability.

2.1 Topology optimization
Topology optimization has been widely used to accom-

modate mechanical [2–4, 20, 21], thermal [1, 22], electromag-
netic [23, 24], acoustical [25], and other design requirements of
structures. The optimization algorithm proposed in this paper
is based on the SIMP method. Here the structure under design
is segmented into finite elements (see insets of Fig 1), and a
density value xi is assigned to each element: A higher density
corresponds to a less porous material element and higher Yong’s
modulus. Reducing the density to zero is equivalent to creating a
hole in the structure. Thus, the set of densities x = {xi} can be
used to represent the topology of the structure and is also consid-
ered as the variables to be optimized. A common problem that
SIMP solves is compliance minimization:

min
x

dTK(x)d

subject to: V (x) ≤ v,
K(x)d = u,

(1)

where V (x) is the total volume; v is an upper bound on volume;
d ∈ Rnd×1 is the displacement of the structure under the load
u, where nd is the degrees of freedom (DOF) of the system
(i.e., the number of x- and y-coordinates of nodes from the finite
element model of the structure); K(x) is the global stiffness
matrix for the structure. We shall note that the global stiffness
matrix is indirectly influenced by the topology x, through the
element-wise stiffness matrix Ki = K̄eE(xi), where the matrix
K̄e is predefined according to the finite element type (we use
first-order quadrilateral elements throughout this paper) and the
nodal displacements of the element, and E(xi) is the element-
wise Young’s modulus defined as a function of the density xi:
E(xi) := ∆Ex3i + Emin. This cubic relationship is commonly
used to help produce structureswith either 1 or 0 densities through
topology optimization [26]. The term Emin is added to provide
numerical stability.

2.2 Input observability
Input observability refers to the possibility (and accuracy) of

estimating the unknown input of dynamic systems, e.g., unknown
forces applied to mechanical structures, from (noisy) output mea-
surements. In the following discussion, we denote the number of
state, input, and output variables as n,m, and r, respectively.

2 Copyright © 2017 by ASME



Consider a general time-invariant discrete-time system

st+1 = Ast + But

yt = Cst + Dut,
(2)

where t denotes the time step; s ∈ Rn is the state; u ∈ Rm
is the input; y ∈ Rr is the output. A ∈ Rn×n, B ∈ Rn×m,
C ∈ Rr×n, and D ∈ Rr×m are coefficient matrices. Assume
initial state s0 = 0, yt can be derived by iterating Eq. (2) as

yt =

t−1∑
k=0

CAt−1−kBuk + Dut. (3)

In this paper, we are interested in estimating the input se-
quence u[0−t] = [u0,u1, ...,ut] from the measured output se-
quencey[0−t] = [u0,u1, ...,ut]. The relationship betweenu[0−t]
and y[0−t] can be established based on Eq. (3) as

y[0−t] = O[0−t]u[0−t], (4)

where

O[0−t] =



D 0 · · · · · · 0

CB D 0 · · ·
...

CAB CB D
. . .

...
...

...
...

. . . 0
CAt−1B CAt−2B · · · · · · D


. (5)

In order for u[0−t] to be observable from y[0−t], the matrix
O[0−t] needs to be of full column rank. It is noted that the di-
mension of O[0−t] is r(t + 1) × m(t + 1). Thus a necessary
condition for observability is that the number of outputs r needs
to be no less than the number of inputsm. In this paper, we con-
sider using the minimum number of sensors for input estimation,
giving m = r. The feedthrough matrix D and O[0−t] are hence
both square matrices. In this case, the necessary and sufficient
condition for a full-ranked O[0−t] matrix is a full-ranked D.

It is noted that the input observability can also be defined
in other ways. For example, the L-delay input observability is
defined in [5]. In the context of L-delay observability, the input
sequence u[0−t] can be estimated based on output measurements
including the ones collected after the input action period 0 − t.
Therefore, the input estimation is essentially delayed byL, giving
the name L-delay observability. Readers may see that the L-
delay observability is weaker than the observability condition
considered in this paper.

When the observability condition is satisfied, u[0−t] can be
inverted from y[0−t] as

u[0−t] = O−1[0−t]y[0−t]. (6)

In practice, output measurements are usually contaminated by
sensor noises. Assuming that the noises are identically and in-
dependently distributed among samples with zero mean and a

variance of σ2
y , the covariance matrix of input estimation is

cov(û[0−t]) = σ2
y(OT

[0−t]O[0−t])
−1. (7)

The normalized covariance matrix

cov(û[0−t]) =
cov(û[0−t])

σ2
y

= (OT
[0−t]O[0−t])

−1, (8)

can be used to quantify the (relative) input observability of a
system.

This paper studies the influence of topology changes on
the variances of input estimations. Specifically, we use the D-
optimality criterion, which is the determinant of the normalized
covariance matrix, |cov(û[0−t])|, as the measure for input ob-
servability. SinceO[0−t] is a square matrix, |cov(û[0−t])| can be
computed as

|cov(û[0−t])| =
1

|OT
[0−t]||O[0−t]|

. (9)

Based on the block triangular structure of O[0−t] in Eq. (5), we
have

|O[0−t]| = |OT
[0−t]| = |D|

t+1, (10)

which gives

|cov(û[0−t])| =
1

|D|2(t+1)
. (11)

It can be seen that |cov(û[0−t])| decreases with increasing |D|.
Therefore, topology design for input observability can be formu-
lated as to maximize |D|.

3 Problem Statement
Weassume that the structure is a linear time-invariant system,

which is applicablewhen the structure undergoes elastic and small
deformation. As defined in Sec. 2.1, x represents the topology of
the structure and d the nodal displacement. We further define the
system state as s =

[
ḋ
d

]
∈ Rn×1, where n = 2nd. An unknown

time-variant input Suu is imposed on this structure, where the
matrix Su ∈ Rnd×m specifies the locations ofm point loads and
the vector u ∈ Rm×1 the magnitudes of these loads.

3.1 State-space equations
The time-invariant system of linear vibration

Md̈ + Kd = Suu, (12)

has the following continuous-time state-space equation

ṡ = As + Bu, (13)
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where A ∈ Rn×n, B ∈ Rn×m, and:

A =

[
0 −M−1K
I 0

]
B =

[
M−1Su

0

] (14)

The corresponding discrete-time state-space equation is

st+1 = Ãst + B̃ut, (15)

where Ã = exp(Adt) and B̃ = A−1(Ã−I)B for a time interval
dt. Let observation be a linear combination of the state:

yt = Sad̈t + Svḋt + Sddt, (16)

where yt ∈ Rr×1; Sa, Sv , and Sd are all in Rr×nd . Given
Eq. (12), we can associate yt with st and ut as follows:

yt = Cst + Dut, (17)

where C ∈ Rr×n, D ∈ Rr×m and C = [Sv,Sd − SaM
−1K],

D = SaM
−1Su. When only accelerometers are used,C reduces

to [0,−SaM−1K].

3.2 Gradient of observability
From Sec. 2.2, it is seen that reducing the variances of input

estimates can be done through maximizing |D|1. The gradient
∇x|D| has an analytical form:

∂|D|
∂xi

=
∂|SaM−1Su|

∂xi

= Tr

(
∂|SaM−1Su|

∂M−1

(
∂M−1

∂xi

)T)

= Tr

(
|SaM−1Su|MT

(
∂M−1

∂xi

)T)
.

(18)

The following background knowledge is necessary for the deriva-
tion of the “inverse-mass gradient” ∂M−1

∂xi
. First, denote V :

Rn×m → Rnm×1 as the vectorization operation that stacks
columns of a matrix vertically, and V−1 as its inverse operation.
The mass matrix M is a function of the topology x:

V(M) = GV
(
V(M̄e)(∆MxT +Mmin)

)
, (19)

where G ∈ Rn2
d×n

2
mnxny is a binary matrix representing the

assembly of global matrices from element-wise ones. nx and
ny are the number of elements in each dimension, and nm is
the number of unknown parameters in each finite element (e.g.,

1Alternatively, one could maximize the trace of DTD (T-optimal) or the
minimal eigenvalue ofDTD (E-optimal)

nm = 8 for first-order quadrilateral elements as shown in the
insets of Fig. 1). Mmin and ∆M are the minimal mass of an
element and the range of element mass, respectively; M̄e is a nm-
by-nm element-wise mass matrix with fixed values for a given
finite element type. Note that

∂M−1

∂xi
= −M−1 ∂M

∂xi
M−1, (20)

we reach the following:

∂M−1

∂xi
= −M−1V−1

(
G

[
∆MV(Me)

0

])
M−1. (21)

The gradient for observability ∇x|D| can be calculated using
Eq. (18) and Eq. (21).

3.3 Compliance minimization with the observability
constraint

We solve the following problem to minimize the average
compliance under a distribution of static inputs, u ∼ p(u), with
a constraint on observability:

min
x

Eu∼p(u)
[
dTKd

]
subject to: Kd = u

|D| ≥ ε
1Tx = v,

(22)

where d is the static displacement under u, ε is the lower bound
on observability, and v is the volume fraction specified by the
designer. The optimality conditions can be derived as

Eu∼p(u)

[
−dT ∂K

∂x
d

]
+ λ1T − µ∇x|D| = 0

1Tx = v, µ ≥ 0,

(23)

where λ and µ are the Lagrangian multipliers. We propose a se-
quential linear programming approach in Alg. 1 to solve Eq. (23).

The nested linear programming problem from Alg. 1 finds
a search direction that reduces the compliance, while satisfying
the volume fraction constraint and density bounds. Due to the
nonlinearity of |D| with respect to x, a line search procedure is
incorporated to ensure the feasibility of intermediate solutions
with regard to the observability constraint. The initial guess of
the algorithm is defined as the one that maximizes |D|. This
design is found by a separate search using −∇x|D| as the search
direction. To handle the load distribution, the gradient∇xc(x) is
approximated using a set of inputs drawn from p(us) prior to the
execution of the algorithm. In addition, artificial checkerboard
pattern in topologies [27] is prevented by smoothing the gradi-
ent in each iteration. Lastly, the algorithm terminates when the
maximal change in the element-wise density from the proceeding
iteration is less than ε = 10−3 or after 200 iterations.
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Algorithm 1 Compliance minimization with constrained observ-
ability
1: Input: Initial topology x0 such that 1Tx0 = v, p(us), G,
ε, v, element-wise stiffness matrixKe and mass matrixMe,
convergence tolerance ε

2: Output: Optimal topology x∗

3: δx = 1, x = x0

4: while δx > ε do
5: calculate ∇xc(x) = Eu∼p(u)

[
−dT ∂K∂x d

]
6: if |D| < ε then
7: calculate ∇x|D| according to Eq. (18) and Eq. (21)
8: else
9: set ∇x|D| = 0

10: derive search direction g through LP:

min
g
∇xc(x)g

subject to: ∇x|D|g ≥ ε− |D|
1Tg = 0,−x ≤ g ≤ 1− x

(24)

11: set α = 0.1
12: while |D|x+αg < ε do
13: α = α/2

14: x = x + αg
15: δx = α|g|

4 Results and Discussion
We apply Alg. 1 to identify Pareto optimal topologies under

two sets of boundary conditions and loads, and demonstrate in
each case the tradeoff between structure compliance and input
observability. The element-wise Young’s Modulus mass has pa-
rameters ∆E = ∆M = 1 and Emin = Mmin = 10−9. The
Poisson’s ratio is set to 0.3. The number of elements in the ex-
ample is nx×ny = 80× 20. The target volume fraction is set to
30% of the maximum.

Case 1 The first case considers a beam with a deterministic
input distribution at its bottom (along the horizontal direction) and
fixed nodes along its left edge (in both directions). See Fig. 2c.
We solve a series of problems in the form of Eq. (22) with ln(ε) ∈
[51, 122]. This range is set by examining the limits of |D| that can
be achieved by the structure to show a full spectrum of structures
from high compliance/low variances in estimation error to low
compliance/high variances. From Pareto-optimal solutions (as
illustrated in Fig. 2b), we pick the two extremes and compare their
compliance and input observability in Fig. 2c, 2d. The sample
means and sample standard deviations of input estimation errors
are calculated from 1000 independent simulations with normally
distributed output noise. The results are verified by the theoretical
standard deviations of input estimation (diag

(
(OT

t Ot)
−0.5)).

Case 2 The second case considers the same beam with a point
loadwhere the load direction is drawn from a uniform distribution
in [0, π]. Both ends of the beamare fixed. See Fig. 3c. Weobserve
similar tradeoff between input observability and compliance as in
Case 1. Note that the values of− log(|D|) are of a different scale
from Case 1. This is because only 2 sensors, rather than 80, are
considered in this case, leading to a much smaller size of D.

4.1 Discussion
We discuss several key limitations of the proposed problem

setting and their potential solutions.

Model deficiency First, we assumed that a finite number of in-
put locations (and directions) are known a priori, and accelerom-
eters can be deployed to all these locations on the structure. Pre-
liminary results show that the choice of sensor locations has
a significant effect on estimation error, yet for computational
tractability, we decoupled sensor deployment from topology de-
sign in this paper. It is also worth noting that the embedding of
sensors may degrade the strength of the structure. Such degra-
dation is currently neglected during the design for compliance.

Affordable sensing One significant limitation of the current
problem setting is that the number of sensors has to be no less
than the number of inputs. While this constraint is conveniently
assumed in existing literature, see for example [12, 28], it could
lead to unaffordable or infeasible implementations when a large
number of potential input locations exist on complicated topolo-
gies.

This issue can be addressed in two general ways. The first
solution is to identify or assume an application-dependent pat-
tern for the input distribution. For example, loads on a bridge
may vary in magnitude while share spatial and temporal patterns.
Such patterns can be captured by prior knowledge and incorpo-
rated into input estimation through regularization. This method
may effectively reduce the dimension of inputs to the number of
parameters of the input patterns, the estimation of which may
require fewer sensors.

Alternatively, we can replace the definition of input observ-
ability considered in this paper with L-delay input observability.
The latter allows a delay in the estimation, and does not nec-
essarily require that the number of outputs be no less than the
number of inputs. More concretely, in the context of L-delay
input estimation, the input can be estimated using measurements
made over L extra steps after the input action period 0 − t. For
example, for any given u[0−t], an augmented input sequence can
be defined as u[0−t−(t+L)] = [u[0−t],0, · · · ,0], where the in-
puts after time step t are all zeros. Thus, the output sequence
y[0−t−(t+L)] generated by u[0−t−(t+L)] represents the total mea-
surements collected for u[0−t]. The relationship between u[0−t]
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FIGURE 2. (a) Pareto-optimal topologies that trade off between input observability and compliance, (b) Visualization of topologies from (a), (c)
Equilibrium states of two topologies under the given boundary conditions, (d) standard deviations of input estimation errors of the same topologies

FIGURE 3. (a) Pareto-optimal topologies that trade off between input observability and compliance, (b) Visualization of topologies from (a), (c)
Equilibrium states of two topologies under the given boundary conditions. The discretized input distribution is illustrated as arrows. The input used to
illustrate this particular deformation is highlighted. (d) standard deviations of input estimation errors of the same topologies
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and y[0−t−(t+L)] can be established based on Eq. (3) as

y[0−t−(t+L)] = O′[0−t−(t+L)]u[0−t], (25)

where

O′[0−t−(t+L)] =



D 0 · · · · · · 0

CB D 0 · · ·
...

CAB CB D
. . .

...
...

...
...

. . . 0
CAt−1B CAt−2B · · · · · · D
CAtB CAt−1B · · · · · · CB

...
...

...
. . . . . .

CAt+L−1B CAt+L−2B · · · · · · CAL−1B


.

(26)
The input observability can then be checked based on the col-
umn rank of O′[0−t−(t+L)]. It is noted that the dimension of
O′[0−t−(t+L)] is now r(t + L + 1) × m(t + 1). Therefore, as
long as r(t+ L+ 1) ≥ m(t+ 1), the number of outputs r does
not need to be more than the number of inputs m in order for
O′[0−t−(t+L)] to be of full column rank.
Scalability Alg. 1 is computationally efficient as all gradients
can be calculated in linear time. In addition, the calculation of
∇x|D| can be accelerated by pre-computing the sparse tensor
∂M
∂x . Nonetheless, the quadratic (in 2D) or cubic (in 3D) growth
in the size of x with respect to the structure dimensions (or the
resolution) may still cause a computational bottleneck.

5 Conclusions
We proposed a tailored sequential linear programming algo-

rithm for structure compliance minimization with constrained
input observability. The resultant Pareto-optimal topologies
demonstrated the tradeoff between structure compliance and in-
put observability. This result indicates that conventional topology
designs geared towards structural requirements may suffer from
high input estimation error, thus justifying the need for balancing
the two criteria. By leveraging existing technology in flexible
sensor networks, soft material, and additive manufacturing, the
presented topology design framework will be applied to more
sophisticated scenarios where nonlinear materials and multiple
sensory sources are used.
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