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Quantitative preference models are used to predict customer
choices among design alternatives by collecting prior pur-
chase data or survey answers. This paper examines how to
improve the prediction accuracy of such models without col-
lecting more data or changing the model. We propose to use
features as an intermediary between the original customer-
linked design variables and the preference model, transform-
ing the original variables into a feature representation that
captures the underlying design preference task more effec-
tively. We apply this idea to automobile purchase decisions
using three feature learning methods (principal component
analysis, low rank and sparse matrix decomposition, and ex-
ponential sparse restricted Boltzmann machine), and show
that the use of features offers improvement in prediction ac-
curacy using over 1 million real passenger vehicle purchase
data. We then show that the interpretation and visualization
of these feature representations may be used to help augment
data-driven design decisions.

1 Introduction
Much research has been devoted to develop design pref-

erence models that predict customer design choices. A com-
mon approach is to: (i) Collect a large database of previous
purchases that includes customer data, e.g., age, gender, in-
come, and purchased product design data, e.g., # cylinders,
length, curb weight — for an automobile; and (ii) statisti-
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cally infer a design preference model that links customer and
product variables, using conjoint analysis or discrete choice
analysis such as logit, mixed logit, and nested logit mod-
els [1, 2].

However, a customer may not purchase a vehicle solely
due to interactions between these two sets of variables, e.g., a
50-year old male prefers 6-cylinder engines. Instead, a cus-
tomer may purchase a product for more meaningful design
attributes that are functions of the original variables, such
as environmental sustainability or sportiness [3, 4]. These
‘meaningful’ intermediate functions of the original variables,
both of the customer and of the design, are hereafter termed
features. We posit that using customer and product features,
instead of the original customer and product variables, may
increase the prediction accuracy of the design preference
model.

Our goal then is to find features that improve this ac-
curacy. To this end, one common approach is to ask design
and marketing domain experts to choose these features intu-
itively, such as a design’s social context [5] and visual design
interactions [6]. For example, eco-friendly vehicles may be a
function of miles per gallon (MPG) and emissions, whereas
environmentally active customers may be a function of age,
income, and geographic region. An alternative explored in
this paper is to find features “automatically” using feature
learning methods studied in computer science and statistics.
As shown in Figure 1, feature learning methods create an



Fig. 1. The concept of feature learning as an intermediate map-
ping between variables and a preference model. The diagram on
top depicts conventional design preference modeling (e.g., conjoint
analysis) where an inferred preference model discriminates between
alternative design choices for a given customer. The diagram on bot-
tom depicts the use of features as an intermediate modeling task.

intermediate step between the original data and the design
preference model by forming a more efficient feature repre-
sentation of the original data. Certain well-known methods
such as principal component analysis may be viewed simi-
larly, but more recent feature learning methods have shown
impressive results in 2D image object recognition [7] and 1D
waveform prediction [8].

We conduct an experiment on automobile purchasing
preferences to assess whether three feature learning methods
increase design preference prediction accuracy: (1) principle
component analysis, (2) low-rank + sparse matrix decom-
position, and (3) exponential family sparse restricted Boltz-
mann machines [9, 10]. We cast preference prediction as a
binary classification task by asking the question, “given cus-
tomer x, do they purchase vehicle p or vehicle q.” Our data
set is comprised of 1,161,056 data points generated from
5582 real passenger vehicle purchases in the United States
during model year 2006 (MY2006).

The first contribution of this work is an increase of
preference prediction accuracy by 2%-7% just using simple
“single-layer” feature learning methods, as compared with
the original data representation. These results suggest fea-
tures indeed better represent the customer’s underlying de-
sign preferences, thus offering deeper insight to inform de-
cisions during the design process. Moreover, this finding is
complementary to recent work in crowdsourced data gather-
ing [11,12] and nonlinear preference modeling [13,14]) since
they do not affect the preference model or data set itself.

The second contribution of this work is to show how
features may be used in the design process. We show that
feature interpretation and feature visualization offer design-
ers additional tools for augmenting design decisions. First,
we interpret the most influential pairings of vehicle features
and customer features to the preference task, and contrast
this with the same analysis using the original variable rep-
resentation. Second, we visualize the theoretically optimal
vehicle for a given customer within the learned feature rep-

resentation, and show how this optimal vehicle, which does
not exist, may be used to suggest design improvements upon
current models of vehicles that do exist in the market.

Methodological contributions include being the first to
use recent feature learning methods on a heterogeneous de-
sign and marketing data set. Recent feature learning research
has focused on homogeneous data, in which all variables are
real-valued numbers such as pixel values for image recog-
nition [7, 15]; in contrast, we explicitly model the heteroge-
neous distribution of the input variables, for example ‘age’
being a real-valued variable and ‘General Motors’ being a
categorical variable. Subsequently, we give a number of the-
oretical extensions: First, we use exponential family gener-
alizations for the sparse restricted Boltzmann machines, en-
abling explicit modeling of statistical distributions for het-
erogeneous data. Second, we derive theoretical bounds on
the reconstruction error of the low-rank + sparse matrix de-
composition feature learning method.

This paper is structured as follows: Section 2 discusses
efforts to increase prediction accuracy by the design com-
munity, as well as feature learning advances in the machine
learning community. Section 3 sets up the preference predic-
tion task as a binary classification problem. Section 4 details
three feature learning methods and their extension to suit het-
erogeneous design and market data. Section 5 details the ex-
perimental setup of the preference prediction task, followed
by results showing improvement of preference prediction ac-
curacy. Section 6 details how features may be used to inform
design decisions through feature interpreation and feature vi-
sualization. Section 7 concludes this work.

2 Background and Related Work
Design preference modeling has been investigated in

design for market systems, where quantitative engineering
and marketing models are linked to improve enterprise-wide
decision making [16–18]. In such frameworks, the design
preference model is used to aggregate input across multiple
stakeholders, with special importance on the eventual cus-
tomer within the targeted market segment [19].

These design preference models have been shown to be
especially useful for the design of passenger vehicles, as
demonstrated across a variety of applications such as engine
design [20], vehicle packaging [21], brand recognition [22],
and vehicle styling [3, 6, 23]. Connecting many of these re-
search efforts is the desire for improved prediction accuracy
of the underlying design preference model. With increased
prediction accuracy, measured using “held out” portions of
the data, greater confidence may be placed in the fidelity of
the resulting design conclusions.

Efforts to improve prediction accuracy involve: (i) De-
veloping more complex statistical models to capture the het-
erogeneous and stochastic nature of customer preferences;
examples yuinclude mixed and nested logit models [1, 2],
consideration sets [24], and kernel-based methods [13, 14,
25]; and (ii) creating adaptive questionnaires to obtain stated
information more efficiently using a variety of active learn-
ing methods [26, 27].

This work is different from (i) above in that the set



of features learned is agnostic of the particular preference
model used. One can just as easily switch out the l2 logit de-
sign preference model used in this paper for another model,
whether it be mixed logit or a kernel machine. This work is
also different from (ii) in that we are working with a set of re-
vealed data on actual vehicle purchases, rather than eliciting
this data through a survey. Accordingly, this work is among
recent efforts towards data-driven approaches in design [28],
including design analytics [29] and design informatics [30],
in that we are directly using data to augment existing model-
ing techniques and ultimately suggest actionable design de-
cisions.

2.1 Feature learning
Feature learning methods capture correlations implicit

in the original variables by “encoding” the original variables
in a new feature representation. This representation keeps
the number of data the same while changing the length of
each data point from M variables to K features. The idea
is to minimize an objective function defining the reconstruc-
tion error between the original variables and their new fea-
ture representation. If this representation is more meaningful
for the discriminative design preference prediction task, we
can use the same supervised model (e.g., logit model) as be-
fore to achieve higher predictive performance. More details
are given in Section 4.

The first feature learning method we examined is prin-
cipal component analysis (PCA). While not conventionally
referred to as a feature learning method, PCA is chosen for
its ubiquitous use and its qualitative difference from the other
two methods. In particular, PCA makes the strong assump-
tion that the data is Gaussian noise distributed around a linear
subspace of the original variables, with the goal of learning
the eigenvectors spanning this subspace [31]. The features
in our case are the coefficients of the original variables when
projected onto this subspace or, equivalently, the inner prod-
uct with the learned eigenvectors.

The second method is low-rank + sparse matrix decom-
position (LSD). This method is chosen as it defines the fea-
tures implicitly withing the preference model. In particular,
LSD decomposes the “part-worth” coefficients contained in
the design preference model (e.g., conjoint analysis or dis-
crete choice analysis) into a low-rank matrix plus a sparse
matrix. This additive decomposition is motivated by re-
sults from the marketing literature suggesting certain pur-
chase consideration are linearly additive [32], and thus well
captured by decomposed matrices [33]. An additional mo-
tivation for a linear decomposition model is the desire for
interpretability [34]. Predictive consumer marketing often-
times uses these learned coefficients to work hand-in-hand
with engineering design to generate competitive products or
services [35]. Such advantages are bolstered by separation of
factors captured by matrix decomposition, as separation may
lead to better capture of heterogeneity among market seg-
ments [36]. Readers are referred to [37] for further in-depth
discussion.

The third method is the exponential family sparse re-

stricted Boltzmann machine (RBM) [9, 38]. This method is
chosen as it explicitly represents the features, in contrast with
the LSD. The method is a special case of a Boltzmann ma-
chine, an undirected graph model in which the energy asso-
ciated within an energy state space defines the probability of
finding the system in that state [9]. In the RBM, each state
is determined by both visible and hidden nodes, where each
node corresponds to a random variable. The visible nodes are
the original variables, while the hidden nodes are the feature
representation. The “restricted” portion of the RBM refers
to the restriction on visible-visible connections and hidden-
hidden connections as shown in Figure 4

All three feature learning methods are considered sim-
ple in that they are single-layer models. The aforementioned
results in 2D image object recognition and 1D waveform
speech recognition have been achieved using hierarchical
models, built by stacking multiple single-layer models. We
chose single-layer feature learning methods here as an initial
effort and to explore parameter settings more easily; as ear-
lier noted, there is limited work on feature learning methods
for heterogeneous data (e.g., categorical variables) and most
advances are currently only on homogeneous data (e.g., real-
valued 2D image pixels).

3 Preference Prediction as Binary Classification
We cast the task of predicting a customer’s design pref-

erences as a binary classification problem: Given customer
j, represented by a vector of heterogeneous customer vari-
ables x( j)

c , as well as two passenger vehicle designs p and q,
each represented by a vector of heterogeneous vehicle design
variables x(p)

d and x(q)d , which passenger vehicle will the cus-
tomer purchase? We use a real data set of customers and their
passenger vehicle purchase decisions as detailed below [39].

3.1 Customer and vehicle purchase data from 2006
The data used in this work combines the Maritz vehicle

purchase survey from 2006 [39], the Chrome vehicle vari-
able database [40], and the 2006 estimated U.S. state income
and living cost data from the U.S. Census Bureau [41] to
create a data set with both customer and passenger vehicle
variables. These combined data result in a matrix of pur-
chase records, with each row corresponding to a separate
customer and purchased vehicle pair, and each column cor-
responding to a variable describing the customer (e.g., age,
gender, income) or the purchased vehicle (e.g., # cylinders,
length, curbweight).

From this original data set, we focus only on the cus-
tomer group who bought passenger vehicles of size classes
between mini-compact and large vehicles, thus excluding
data for station wagons, trucks, minivans, and utility vehi-
cles. In addition, purchase data for customers who did not
consider other vehicles before their purchases were removed,
as well data for customers who purchased vehicles for an-
other party.

The resulting database contained 209 unique passenger
vehicle models bought by 5582 unique customers. The full
list of customer variables and passenger vehicle variables can



Table 1. Customer variables xc and their variable types

Customer
Variable

Type Customer
Variable

Type

Age Real U.S. State Cost
of Living

Real

Number of
House Members

Real Gender Binary

Number of
Small Children

Real Income Bracket Categorical

Number of Med.
Children

Real House Region Categorical

Number of
Large Children

Real Education Level Categorical

Number of
Children

Real U.S. State Categorical

U.S. State
Average Income

Real

Table 2. Design variables xd and their variable types

Design Variable Type Design Variable Type

Invoice Real AWD/4WD Binary

MSRP Real Automatic
Transmission

Binary

Curbweight Real Turbocharger Binary

Horsepower Real Supercharger Binary

MPG
(Combined)

Real Hybrid Binary

Length Real Luxury Binary

Width Real Vehicle Class Categorical

Height Real Manufacturer Categorical

Wheelbase Real Passenger
Capacity

Categorical

Final Drive Real Engine Size Categorical

Diesel Binary

be found in Tables 1 and 2. The variables in these tables are
grouped into three unit types: Real, binary, and categorical,
based on the nature of the variables.

3.2 Choice set training, validation, and testing split
We converted the data set of 5582 passenger vehicle pur-

chases into a binary choice set by generating all pairwise
comparisons between the purchased vehicle and the other
208 vehicles in the data set for all 5582 customers. This
resulted in N = 1,161,056 data points, where each datum
indexed by n consisted of a triplet ( j, p,q) of a customer in-
dexed by j and two passenger vehicles indexed by p and q,

as well as a corresponding indicator variable y(n) ∈ {0,1} de-
scribing which of the two vehicles was purchased.

This full data were then randomly shuffled, and split
into training, validation, and testing sets. As previous studies
have shown the impact on prediction performance given dif-
ferent generations of choice sets [42], we created 10 random
shufflings and subsequent data splits of our data set, and run
the design preference prediction experimental procedure of
Section 5 on each one independently. This work is therefore
complementary to studies on developing appropriate choice
set generation schemes such as [43]. Full details into the data
processing procedure are given in Section 5.

3.3 Bilinear design preference utility
We adopt the conventions of utility theory for the mea-

sure of customer preference over a given product [44]. For-
mally, each data point consists of a pairwise comparison be-
tween vehicles p and q for customer j , with correspond-
ing customer variables x( j)

c for j ∈ {1, . . . ,5582} and orig-
inal variables of the two vehicle designs, x(p)

d and x(q)d for
p,q ∈ {1, . . . ,209}. We assume a bilinear utility model for
customer j and vehicle p:

U jp =

[
vec
(

x( j)
c ⊗x(p)

d

)T
,
(

x(p)
d

)T
]

ω, (1)

where ⊗ is an outer product for vectors, vec(·) is vectoriza-
tion of a matrix, [·, ·] is concatenation of vectors, and ω is the
part-worth vector.

3.4 Design preference model
The preference model refers to the assumed relationship

between the bilinear utility model described in Section 3.3
and a label indicating which of the two vehicles the customer
actually purchased. While the choice of preference model is
not the focus of this paper, we pilot-tested popularly used
models including l1 and l2 logit model, naı̈ve Bayes, l1 and
l2 linear as well as kernelized support vector machine, and
random forests.

Based on these pilot results, we chose the l2 logit model
due to its widespread use in the design and marketing com-
munities [37, 45]; in particular, we used the primal form of
the logit model. Equation (2) captures how the logit model
describes the probabilistic relationship between customer j’s
preference for either vehicle p or vehicle q as a function of
their associated utilities given by Equation (1). Note that
ε are Gumbel-distributed random variables accounting for
noise over the underlying utility of the customer j’s pref-
erence for either vehicle p or vehicle q.

P(n) = P( j,p,q) = P(U jp + ε jp >U jq + ε jq) =
eU jp

eU jp + eU jq

(2)

Parameter Estimation
We estimate the parameters of the logit model in Eq. (2)

using conventional convex loss function minimization using



Fig. 2. The concept of principle component analysis shown using
an example with a data point represented by three original variables
x projected to a two dimensional subspace spanned by w to obtain
features h.

the log-loss regularized with the l2 norm.

min
ω,α

1
N

N

∑
n=1

(y(n) logP(n)+(1− y(n)) log(1−P(n)))+α‖ω‖2

(3)

where y(n) = y( jpq) is 1 if customer j chose vehicle p to pur-
chase, and 0 if vehicle q was purchased; and α is the l2 regu-
larization hyperparameter. The optimization algorithm used
to minimize this regularized loss function was stochastic gra-
dient descent, with details of hyperparameter settings given
in Section 5.

4 Feature Learning
We present three qualitatively different feature learning

methods as introduced in Section 2: (1) principal component
analysis, (2) low-rank + sparse matrix decomposition, and
(3) exponential family sparse restricted Boltzmann machine.
Furthermore, we discuss their extensions to better suit the
market data described in Section 3, as well as derivation of
theoretical guarantees.

4.1 Principal Component Analysis
Principal component analysis (PCA) maps the original

data representation x = [x1,x2, . . . ,xM]T ∈ RM×1 to a new
feature representation h = [h1,h2, . . . ,hK ]

T ∈ RK×1, K ≤M,
with an orthogonal transformation W ∈ RM×K . Assume that
the original data representation x has zero empirical mean
(otherwise we simply subtract the empirical mean from x).
The mapping is given by:

h = xT W (4)

The PCA representation has the following properties:
(1) h1 has the largest variance, and the variance of hi is not

smaller than the variance of h j for all j < i; (2) the columns
of W are orthogonal unit vectors; and (3) h and W minimize
the reconstruction error ε:

ε = ||x−h||2 (5)

When the q columns of W consist of the first q eigen-
vectors of xT x, the above properties are all satisfied, and the
PCA representation can be calculated by Equation (4).

4.2 Low-Rank + Sparse Matrix Decomposition
The utility model Urp given in Equation (1) can be

rewritten into matrix form, in which Ω is a matrix reshaped
from the “part-worth” coefficients vector ω:

Urp = [
(

x( j)
c

)T
,1]Ωxp

d (6)

The decomposition of the original part-worth coefficients
into a low-rank matrix and a sparse matrix may better rep-
resent customer purchase decisions than the large coefficient
matrix of all pairwise interactions given in Equation (1) and
as detailed in Section 2. Accordingly, we decompose Ω into
a low-rank matrix L of rank r superimposed with a sparse
matrix S, i.e. Ω = L+S. This problem may be solved in the
general case exactly with the following optimization prob-
lem:

min
L,S

l(L,S;Xc,Xd ,y) (7)

s.t. rank(L)≤ r

S ∈ C

where Xu and Xc are the full set of customer and vehicle
data, y is the vector of whether customer j chose vehicle p
or vehicle q, l(·) is the log-loss without the l2 norm,

l(L,S;Xc,Xd ,y)

=
1
N

N

∑
n=1

(y(n) logP(n)+(1− y(n)) log(1−P(n))) (8)

and C is a convex set corresponding to the sparse matrix S.
As this problem is intractable (NP-hard), we instead learn
this decomposition of matrices using an approximation ob-
tained via regularized loss function minimization:

min
L,S

l(L,S;Xc,Xd ,y)+λ1||L||∗+λ2||S||1 (9)

where ||·||∗ is the nuclear norm to promote low-rank struc-
ture, and ||·||1 is the l1-norm.

In particular, while a number of low-rank regulariza-
tions may be used to solve Eq. (9), e.g., trace norm and
log-determinant norm [46]. We choose the nuclear norm



Fig. 3. The concept of low-rank + sparse matrix decomposition us-
ing an example “part-worth coefficients” matrix of size 10 x 10 decom-
posed into two 10 x 10 matrices with low rank or sparse structure.
Lighter colors represent larger values of elements in each decom-
posed matrix.

as it may be applied to any general matrix, while the trace
norm and log-determinant regularization are limited to pos-
itive semidefinite matrices. Moreover, the nuclear norm is
often considered optimal as ||L||∗ is the convex envelop of
Rank(L), implying that ||L||∗ is the largest convex function
smaller than Rank(L) [46].

Definition 1. For matrix L,the nuclear norm is defined as,

||L||∗ :=
min(dim(L))

∑
i=1

si(L)

where si(L) is a singular value of L.

4.2.1 Parameter Estimation
The non-differentiability of the convex low-rank +

sparse approximation given in Eq. (9) necessitates optimiza-
tions techniques such as augmented Lagrangian [47], semi-
definite programming [48], and proximal methods [49]. Due
to theoretical guarantees on convergence, we choose to train
our model using proximal methods which are defined as fol-
lows.

Definition 2. Let f : Rn → R∪ {+∞} be a closed proper
convex function. The proximal operator of f is defined as

prox f (v) = argmin
x

(
f (x)+

1
2
||v−x||22

)

With these preliminaries, we now detail the proximal
gradient algorithm used to solve Eq. (9) using low-rank and
l1 proximal operators. Denote f (·) = || · ||∗, and its proximal
operator as prox f . Similarly denote the proximal operator
for the l1 regularization term by proxS, i = 1, . . .n. Details of
calculating prox f and proxS may be found in Appendix A.

With this notation, the proximal optimization algorithm
to solve Equation (9) is given by Algorithm 1. Moreover, this
algorithm is guaranteed to converge with constant step size
as given by the following lemma [49].

Algorithm 1 Low-Rank + Sparse Matrix Decomposition
Input: Data Xc, Xd , y
Initialize L0 = 0,S0 = 0
repeat

Lt+1 = prox f (Lt −ηt∇Lt l(L,S;Xc,Xd ,y))
St+1 = proxS(St −ηt∇St l(L,S;Xc,Xd ,y))

until Lt , St
i are converged

Lemma 1. Convergence Property
When ∇l is Lipschitz continuous with constant ρ, this method
can be shown to converge with rate O( 1

k ) when a fixed step
size ηt = η ∈ (0,1/ρ] is used. If ρ is not known, the step
sizes ηt can be found by a line search; that is, their values
are chosen in each step.

4.2.2 Error Bound on Low-Rank + Sparse Estimation
We additionally prove a variational bound that guaran-

tees this parameter estimation method converges to a unique
solution with bounded error as given by the following theo-
rem.

Theorem 1. Error Bound on Low-Rank+Sparse Estimation

|4l| ≤min(dim(L0)) ||L∗−L0||2

where L∗ is the optima of problem (9) and L0 is the matrix
minimizing the loss function l(·).

The proof of this theorem is given in Appendix A.

4.3 Restricted Boltzmann machine
The restricted Boltzmann machine (RBM) is an energy-

based model in which an energy state is defined by a layer
of M visible nodes corresponding to the original variables
x and a layer of K features denoted as h. The energy for a
given pair of original variables and features determines the
probability associated with finding the system in that state;
like nature, systems tend to states that minimize their energy
and thus maximize their probability. Accordingly, maximiz-
ing the likelihood of the observed data x(1) . . .x(N) ∈RM and
its corresponding feature representation h(1) . . .h(N) ∈ RK is
a matter of finding the set of parameters that minimize the
energy for all observed data.

While traditionally this likelihood consists of binary
variables and binary features, as described in Table 1 and
Table 2, our passenger vehicle purchase data set consists of
MG Gaussian variables, MB binary variables, and MC cate-
gorical variables. We accordingly define three corresponding
energy functions EG, EB, and EC, in which each energy func-
tion connects the original variables and features via a weight
matrix W, as well as biases for each original variable and
feature, a and b respectively.

Real-valued random variables (e.g., vehicle curb weight)
are modeled using the Gaussian density. The energy function



Fig. 4. The concept of the exponential family sparse restricted
Boltzmann machine. The original data are represented by nodes
in the visible layer by [x1,x2], while the feature representation
of the same data is represented by nodes in the hidden layer
[h1,h2,h3,h4]. Undirected edges are restricted to being only be-
tween the original layer and the hidden layer, thus enforcing condi-
tional independence between nodes in the same layer.

for Gaussian inputs and binary hidden nodes is:

EG(x,h;θ) =−
MG

∑
m=1

K

∑
k=1

hkwkmxm

+
1
2

MG

∑
m=1

(xm−bm)
2−

K

∑
k=1

akhk

(10)

where the variance term is clamped to unity under the as-
sumption that the input data are standardized.

Binary random variables (e.g., gender) are modeled us-
ing the Bernoulli density. The energy function for Bernoulli
nodes in both the input layer and hidden layer is:

EB(x,h;θ) =−
MB

∑
m=1

K

∑
k=1

hkwkmxm

−
MB

∑
m=1

xmbm−
K

∑
k=1

akhk

(11)

Categorical random variables (e.g., vehicle manufac-
turer) are modeled using the categorical density. The energy
function for categorical inputs with Zm classes for m-th cate-
gorical input variable (e.g., Toyota, General Motors, etc.) is
given by:

EC(x,h;θ) =−
Km

∑
m=1

K

∑
k=1

Zm

∑
z=1

hkwkmzδmzxmz

−
MC

∑
m=1

Zm

∑
z=1

δmzxmzbmz−
K

∑
k=1

akhk

(12)

where δmz = 1 if xmz = 1 and 0 otherwise.
Given these energy functions for the heterogeneous

original variables, the probability of a state with energy
E(x,h;θ) = EG(x,h;θ)+EB(x,h;θ)+EC(x,h;θ), in which
θ = {W,a,b} are the energy function weights and bias pa-

rameters, is defined by the Boltzmann distribution.

P(x,h) =
e−E(x,h;θ)

∑x ∑h e−E(x,h;θ) (13)

The “restriction” on the RBM is to disallow visible-
visible and hidden-hidden node connections. This restriction
results in conditional independence of each individual hid-
den unit h given the vector of inputs x, and each visible unit
x given the vector of hidden units h.

P(h|x) =
N

∏
n=1

P(hn|x) (14)

P(x|h) =
K

∏
k=1

P(xk|h) (15)

The conditional density for a single binary hidden unit
given the combined KG Gaussian, KB binary, and KC categor-
ical input variables is then:

σ(an +
KG

∑
k=1

wnkxk +
KB

∑
k=1

wnkxk +
KC

∑
k=1

Dk

∑
d=1

wnkδkdxk) (16)

where σ(s) = 1
1+exp(−s) is a sigmoid function.

For an input data point x(n), its corresponding feature
representation h(n) is given by sampling the “activations” of
the hidden nodes.

[P(h1 = 1|x,θ) , ... , P(hN = 1|x,θ)] (17)

Parameter Estimation
To train the model, we optimize the weight and bias

parameters θ = {W,b,a} by minimizing the negative log-
likelihood of the data {x(1) . . .x(N)} using gradient descent.
The gradient of the log-likelihood is:

∂

∂θ

N

∑
n=1

logP
(

x(n)
)
=

∂

∂θ

N

∑
n=1

log∑
h

P
(

x(n),h
)

=
∂

∂θ

N

∑
n=1

log∑
h

e−E(x(n),h)

∑x,h e−E(x(n),h)

=
N

∑
n=1

Eh|x(n)

[
∂

∂θ
E
(

x(n),h
)]

−Eh,x

[
∂

∂θ
E (x,h)

]
(18)

The gradient is the difference of two expectations, the first of
which is easy to compute since it is “clamped” at the input
datum x, but the second of which requires the joint density
over the entire x space for the model.

In practice, this second expectation is approximated us-
ing the contrastive divergence algorithm by Gibbs, sampling
the hidden nodes given the visible nodes, then the visible



nodes given the hidden nodes, and iterating a sufficient num-
ber of steps for the approximation [50]. During training, we
induce sparsity of the hidden layer by setting a target activa-
tion βk, fixed to 0.1, for each hidden unit hk [38]. The overall
objective to be minimized is then the negative log-likelihood
from Equation (18) and a penalty on the deviation of the hid-
den layer from the target activation. Since the hidden layer is
made up of sigmoid densities, the overall objective function
is:

N

∑
n=1

log∑
h

P
(

x(n),h
)

+λ3

K

∑
k=1

(
β
(n)
k loghk +

(
1−β

(n)
k

)
log(1−hk)

)
,

(19)

where λ3 is the hyperparameter trading off the sparsity
penalty with the log-likelihood.

5 Experiment
The goal in this experiment was to assess how prefer-

ence prediction accuracy changes when using the same pref-
erence model on three different representations of the same
data set. The preference model used, as discussed in Section
3.4, was the l2 logit, while the three representations were
the original variables, low-rank + sparse features, and RBM
features. The same experimental procedure was run on each
of these three representations, where the first representation
acts as a baseline for prediction accuracy, and the next two
representations demonstrate the relative gain in preference
prediction accuracy when using features.

In addition, we performed an analysis of how the hyper-
parameters affected design preference prediction accuracy
for the hyperparameters used in the PCA, LSD, and RBM
feature learning methods. For PCA, the hyperparameter was
the dimensionality K of the subspace spanned by the eigen-
vectors of the PCA method. For LSD, the hyperparameters
were the rank penalty λ1, which affects the rank of the low-
rank matrix L, and the sparsity penalty λ2, which influences
the number of non-zero elements in the sparse matrix S, both
found in Equation (9). For RBM, the hyperparameters were
the sparsity penalty λ3, which controls the number of fea-
tures activated for a given input datum, and the overcom-
pleteness factor γ, which defines by what factor the dimen-
sionality of the feature space is larger than the dimensional-
ity of the original variable space, both of which are found in
Equation (19).

The detailed experiment flow is summarized below and
illustrated in Figure 5:

1. The raw choice data set of pairs of customers and pur-
chased designs, described in Section 3.1, was randomly
split 10 times into 70% training, 10% validation, and
20% test sets. This was done in the beginning to en-
sure no customers in the training sets ever existed in the
validation or test sets.

2. Choice sets were generated for each training, validation,
and test sets for all 10 randomly shuffled splits as de-
scribed in Section 3.2. This process created a training

Fig. 5. Data processing, training, validation, and testing flow.

data set of 832,000 data points, a validation data set of
104,000 data points, and a testing data set of 225,056
data points, for each of the 10 shuffled splits.

3. Feature learning was conducted on the training sets
of customer variables and vehicle variables for a vec-
tor of 5 different values of K for PCA features, a
grid of 25 different pairs of low-rank penalty λ1
and sparsity penalty λ2 for the LSD features, and a
grid of 56 different pairs of sparsity λ3 and over-
completeness γ hyperparameters for RBM features.
For PCA features, these hyperparameters were K ∈
{30,50,70,100,150}. For LSD features, these hyperpa-
rameters were λ1 ∈{0.005,0.01,0.05,0.1,0.5} and λ2 ∈
{0.005,0.01,0.05,0.1,0.5}. For RBM, these hyperpa-
rameters were λ3 ∈ {4.0,5.0,6.0,7.0,8.0,9.0,10.0} and
γ ∈ {0.25,0.5,0.75,1.0,1.5,2.0,2.5,3.0}. These hyper-
parameter settings were selected by pilot testing large
ranges of parameter settings to find relevant regions
for upper and lower hyperparameter bounds, with num-
bers of hyperparameters selected based on computa-
tional constraints.

4. Each of the validation and testing data sets were encoded
using the feature learning methods learned for each of
the 5 PCA hyperparameters K, 25 (λ1,λ2) LSD hyper-
parameter pairs, and 56 (λ3,γ) RBM hyperparameter
pairs.

5. The encoded feature data was combined with the orig-
inal variable data. Each datum consists of the features
concatenated with the original variables, then input into
the bilinear utility model. Specifically, for some cus-
tomer features hu and customer variables xu, we used
hT

u′ := [xT
u ,hT

u ] to define the new representation of the
customer; likewise, for some vehicle features hc and
vehicle variables xc, we used hT

c′ := [xT
c ,hT

c ] to define
the new representation of the customer. Combined with
Equation (1), a single data point used for training is the
difference in utilities between vehicle p and vehicle q
for a given customer r.

[
h(r)

u′ ⊗
(

h(p)
c′ −h(q)

c′

)
,h(p)

c′ −h(q)
c′

]
(20)

Note that the dimensionality of each datum could range
above 100,000 dimensions for the largest values of γ.



Design
Preference Model

Feature
Representation

Prediction Accuracy (std. dev.)
(ρ-value)

N = 10,000

Prediction Accuracy (std. dev.)
(ρ-value)

N = 1,161,056

Logit Model Original Variables
(No Features)

69.98% (1.82%)
(N/A)

75.29% (0.98%)
(N/A)

Logit Model Principle Component
Analysis

61.69% (1.24%)
(1.081e-7)

62.03% (0.89%)

(8.22e-10)

Logit Model Low-Rank + Sparse
Matrix Decomposition

76.59% (0.89%)
(3.276e-8)

77.58% (0.81%)
(4.286e-8)

Logit Model Exponential Family
Sparse RBM

74.99% (0.64%)
(2.3e-5)

75.15% (0.81%)

(0.136)

Table 3. Averaged preference prediction accuracy on held-out test data using the logit model with the original variables or the three feature
representations. Average and standard deviation were calculated from 10 random training and testing splits common to each method, while
test parameters for each method were selected via cross validation on the training set.

6. For each of these training sets, 6 logit mod-
els were trained in parallel over minibatches
of the training data, corresponding to 6 differ-
ent settings of the l2 regularization parameter
α = 0.00001,0.0001,0.001,0.01,0.1,1.0. These
logit models were optimized using stochastic gradient
descent, with learning rates inversely related to the
number of training examples seen [51].

7. Each logit model was then scored according to its re-
spective held-out validation data set. The hyperpa-
rameter settings (αBASELINE) for the original variables,
(KPCA,αPCA) for PCA feature learning, (λ1,λ2) for LSD
feature learning, and (λ3,γ,αRBM) for RBM feature
learning with the best validation accuracy were saved.
For each of these four sets of best hyperparameters, Step
3 was repeated to obtain the set of corresponding fea-
tures on each of the 10 random shuffled training plus
validation sets.

8. Logit models corresponding to the baseline, PCA fea-
tures, LSD features, and RBM features were retrained
for each of the 10 randomly shuffled and combined
training and validation. The prediction accuracy for
each of these 10 logit models was assessed on the corre-
sponding “held out” test sets in order to give average and
standard deviations of the design preference predictive
accuracy for the baseline, PCA features, LSD features,
and RBM features.

5.1 Results
Table 3 shows the averaged test set prediction accuracy

of the logit model using the original variables, PCA features,
LSD features, and RBM features. Prediction accuracy aver-
aged over 10 random training and held-out testing data splits
are given, both for the partial data N = 10,000 and the full
data N = 1,161,056 cases. Furthermore, we include the stan-
dard deviation of the prediction accuracies and a 2-sided t-
test relative to the baseline accuracy for each feature repre-
sentation.

The logit model trained with LSD features achieved the

highest predictive accuracy on both the partial and full data
sets, at 76.59% and 77.58%, respectively. This gives evi-
dence that using features can improve design preference pre-
diction accuracy as the logit model using the original vari-
ables achieved an averaged accuracy of 69.98% and 75.29%,
respectively. The improvement in design preference predic-
tion accuracy is greatest for the partial data case, as evi-
denced by both the LSD and RBM, yet the improvement with
the full data case shows that the LSD feature learning method
is still able to improve prediction accuracy within the capac-
ity of the logit model. The RBM results for the full data case
do not show significant improvement in prediction accuracy.
Finally, we note a relative loss in design preference predic-
tion accuracy when using PCA as a feature learning method,
both for the partial and full data sets, suggesting the heavy
assumptions built into PCA are overly restrictive.

The parameter settings for the LSD feature learning
method give additional insight to the preference prediction
task. In particular, the optimal settings of λ1 and λ2 obtained
through cross validation on the 10 random training sets was
ranged from r = 29 to r = 31. This significantly reduced rank
of the part-worth coefficient matrix given in Eq. (1) suggests
that the vast majority of interactions between customer vari-
ables and design variables given in Table 1 and Table 2 do not
significantly contribute to overall design preferences. This
insight allows us to introspect into important feature pairings
on a per-customer basis to inform design decisions.

We have shown that even “simple” single-layer feature
learning can significantly increase predictive accuracy for
design preference modeling. This finding signifies that fea-
tures more effectively capture the design preferences than the
original variables, as features form functions of the original
variables more representative of the customer’s underlying
preference task. This offers designers opportunity for new
insights if these features can be successfully interpreted and
translated to actionable design decisions; however, given the
relatively recent advances in feature learning methods, in-
terpretation and visualization of features remains an open
challenge–see Section 6 for further discussion.



Further increases to prediction accuracy might be
achieved by stacking multiple feature learning layers, often
referred to as “deep learning”. Such techniques have recently
shown impressive results by breaking previous records in im-
age recognition by large margins [7]. Another possible direc-
tion for increasing prediction accuracy may be in developing
novel architectures that explicitly capture the conditional sta-
tistical structure between customers and designs. These ef-
forts may be further aided through better understanding of
the limitations of using feature learning methods for design
and marketing research. For example, the large number of
parameters associated with feature learning methods results
in greater computational cost when performing model selec-
tion; in addition to the cross-validation techniques used in
this paper, model selection metrics such as BIC and AIC may
give further insight along these lines.

6 Using Features for Design
Using features can support the design process in at least

two directions: (1) Features interpretation can offer deeper
insights into customer preferences than the original vari-
ables, and (2) feature visualization can lead to a market seg-
mentation with better clustering than with the original vari-
ables. These two directions are still open challenges given
the relative nascence of feature learning methods. Further
investigation is necessary to realize the above design oppor-
tunities and to justify the computational cost and implemen-
tation challenges associated with feature learning methods.

The interpretation and visualization methods may be
used with conventional linear discrete choice modeling (e.g.,
logit models). However, deeper insights are possible through
interpreting and visualizing features, assuming that features
capture more effectively the underlying design preference
prediction task of the customer as shown through improved
prediction accuracy on held-out data. Since we are capturing
“functions” of the original data, we are more likely to inter-
pret and visualize feature pairings such as “eco-friendly” ve-
hicle and “environmentally conscious” customer; such pair-
ing may ultimately lead to actionable design decisions.

6.1 Feature Interpretation of Design Preferences
Similar to PCA, LSD provides an approach to interpret

the learned features by looking at the linear combinations
of original variables. The major difference between features
learned using PCA versus LSD is their different linear com-
binations; in particular, features learned by LSD are more
representative as they contains information from both the
data distribution and the preference task, while PCA features
only contain information from the data distribution.

As introduced in section 4.2, the weight matrix Ω is de-
composed into a low-rank matrix L and a sparse matrix S,
i.e. Ω = L+S. The nonzero elements in the sparse matrix
S may be interpreted as the weight of the product of its cor-
responding original design variables and customer variables.
As for the low-rank matrix L, features can be extracted by
linearly combining the original variable according to the sin-
gular value decomposition (SVD) for L. The singular value

decomposition is a factorization of the (m+1)×n matrix L
in the form L = UΣV, where U is a (m+1)×(m+1) unitary
matrix, Σ is an m× n rectangular diagonal matrix with non-
negative real numbers σ1,σ2, . . . ,σmin(m+1,n) on the diagonal,
and V is a (n)× (n) unitary matrix. Rewriting Equation (6):

Urp =

[(
x( j)

c

)T
,1
]

Lxp
d +

[(
x( j)

c
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,1
]

Sxp
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(21)
where ui is the i-th column of matrix U , and vi is the i-th row

of matrix V . The i-th user feature
[(

x( j)
c

)T
,1
]

ui is a linear

combination of original user variables; the i-th design feature
vix

p
d is a linear combination of original design variables; and

σi represents the importance of this pair of features for the
customer’s design preferences.

Interpreting these features in the vehicle preference case
study, we found that the most influential feature pairing (i.e.,
largest σi) corresponds to preference trends at the popula-
tion level: Low price but luxury vehicles are preferred, and
Japanese vehicles receive the highest preference while GM
vehicles receive the lowest preference. The second most in-
fluential feature pairing represents a rich customer group,
with preferred vehicle groups being both expensive and lux-
urious. The third most influential feature pairing represents
an elder user group, with their preferred vehicles as large but
with low net horsepower.

6.2 Features Visualization of Design Preferences
We now visualize features to understand what insights

for design decision making may be had through visual mar-
ket segmentation. We begin by looking at the utility model
Urp given in Equation (1) and note that the inner product be-
tween Ω and the variables x(r)u representing customer r may
be interpreted as customer r’s optimal vehicle, denoted x(r)opt :

x(r)opt =
(

x(r)u

)T
Ωout +1T

Ωmain (22)

where Ωout is the matrix reshaped from the coefficients of
Ω corresponding to the outer product given in Equation (1),
Ωmain is the matrix reshaped from the remaining coefficients,
and 1 is a vector consisting of 1’s with the same dimension
as x(r)u .

We rewrite the utility model Urp given in Equation (1)
in terms of the optimal vehicle x(r)opt :

Urp =
(

x(r)opt

)T
xp

d (23)

According to the geometric meaning of inner product, the
smaller the angle between xp

d and x(r)opt is, the larger will be



Fig. 6. Optimal vehicle distribution visualization. Every point repre-
sents the optimal vehicle for one consumer. In the left column, the
optimal vehicle is inferred using the utility model with original vari-
ables. In the right column, LSD features are used to infer the optimal
vehicle. In the first row, the optimal vehicles from SCI-XA buyers
are marked in big red points. Similarly, the optimal vehicles from
MAZDA6, ACURA-TL and INFINM35 buyers are marked in big red
points respectively.

the utility Urp. In this way, we have an interpretable method
of improving upon the actual purchased vehicle design in the
form of an ’optimal’ vehicle vector. This optimal vehicle
vector could be useful for a manufacturer developing a next-
generation design from a current design, particularly as the
manufacturer would target a specific market segment.

We now provide a visual demonstration of using an op-
timal vehicle derived from feature learning to suggest a de-
sign improvement direction. First, we calculate the optimal
vehicle using Equation (22) for every customer in the data
set. Then, we visualize these optimal vehicle points by re-
ducing their dimension using t-distributed stochastic neigh-
bor embedding (t-SNE), an advanced nonlinear dimension
reduction technique that embeds similar objects into nearby
points [52]. Finally, optimal vehicles from targeted market
segments are marked in red.

Figure 6 shows the optimal vehicles for the SCI-XA,
MAZDA6, ACURA-TL and INFINM35 buyer groups using
red points respectively. We observe that the optimal vehi-
cle moves from the left-top corner to the right-bottom corner
as the purchased vehicles become more luxurious using the
LSD features, while the optimal vehicles in the original vari-
able representation show overlap, especially for MAZDA6
and ACURA-TL buyers. The figure visualizes what has been
shown quantitatively through increased preference predic-
tion accuracy; namely, that optimal vehicles represented us-
ing LSD features as opposed to the original variables result
in a larger separation of various market segments’ optimal
vehicles.

7 Conclusion
Feature learning is a promising method to improve de-

sign preference prediction accuracy without changing the de-
sign preference model or the data set. This improvement is
obtained by transforming the original variables to a feature
space acting as an intermediate step as shown in Figure 1.
Thus, feature learning complements advances in both data
gathering and design preference modeling.

We presented three feature learning methods, Principal
component analysis, low-rank plus sparse matrix decompo-
sition, and sparse exponential family restricted Boltzmann
machines, and we applied them to a design preference data
set consisting of customer and passenger vehicle variables
with heterogeneous unit types, e.g., gender, age, # cylinders.

We conducted and experiment to measure design pref-
erence prediction accuracy involving 1,161,056 data points
generated from a real purchase dataset of 5582 customers.
The experiment showed that feature learning methods im-
prove preference prediction accuracy by 2-7% for a small
and full dataset, respectively. This finding is significant,
as it shows that features offer a better representation of the
customer’s underlying design preferences than the original
variables. Moreover, the finding shows that feature learning
methods may be successfully applied to design and market-
ing data sets made up of variables with heterogeneous data
types; this is a new result as feature learning methods have
primarily been applied on homogeneous data sets made up
of variables of the same distribution.

Feature interpretation and visualization offer a promise
for using features to support the design process. Specifi-
cally, interpreting features can give designers deeper insights
of the more influential pairings of vehicle features and cus-
tomer features, while visualization of the feature space can
offer deeper insights when performing market segmentation.
These new findings suggest opportunities to develop feature
learning algorithms that are not only more representative of
the customer preference task as measured by prediction ac-
curacy but also easier to interpret and visualize by a domain
expert. Methods allowing easier interpretation of features
would be valuable when translating the results of more so-
phisticated feature learning and preference prediction mod-
els into actionable design decisions.
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A APPENDIX: Proof of Low-Rank Matrix Estimation
Guarantee
Though the low-rank matrix is estimated jointly with the

decomposed matrices as well as the loss function, an accu-
rate estimation of the low-rank matrix can still be achieved
as guaranteed by the bound as in this section. We subse-
quently provide a variational bound of the divergence of the
estimated likelihood from the true likelihood.

To simplify the notation in our proof, we redefine the
following notation:

(m,n) = dim(Ω)

Before our proof, however, we state the following rele-
vant prepositions.

Proposition 1. The proximal operator for the nuclear norm
f = λ1|| · ||∗ is the singular value shrinkage operator Dλ1 .
Consider the singular value decomposition (SVD) of a matrix
X ∈ Rm×n with rank r.

X = UΣVT

Dλ1(X) = USλ1(Σ)V
T (24)

where the soft-thresholding operator Sλ1(Σ) =
diag({max(si − λ1,0)}i=1,...,min(m,n)). Moreover, Sλ2(·)
is also the proximal operator for the l1 norm.

The matrix decomposition structure of our model builds
on the separable sum property [49]:

Proposition 2. Separable Sum Property
If f is separable across two variables x and y, i.e., f (x,y) =
f1(x)+ f2(y), then,

prox f (x,y) = (prox f1(x), prox f2(y)) (25)

Our proof proceeds as follows. Let us denote the optima
of problem (9) as L∗, the gradient of the loss function l(·)
w.r.t L∗ as ∇L∗ l, and the matrix minimizing the loss function
l(·) as L0.

We next prove the following theorems: Theorem 2 pro-
vides a tight bound on ∇L∗ l. Corollary 1 bounds the esti-
mation error for the learned matrix L∗. Theorem 3 follows
by bounding the divergence of likelihood from the true data
distribution where l(·) is a likelihood function.

First, we make the weak assumption that the optimiza-
tion problem given in Equation (9) is strictly convex, since
a necessary and sufficient condition is that the saddle points
for l(·) and the regularization terms are not overlapping.

Theorem 2. Loss Function Gradient Bound.

||∇L∗ l||2 ≤min(m,n)

Proof. Under the strictly convex assumption, the stationary
point (i.e., the optima L∗ for the optimization problem (9)) is
unique. By Lemma 1, iterations of the proximal gradient op-
timization method Lk converge to this optima L∗. According
to the fixed point equation for L (Algorithm 1), we have,

L∗ = prox f (L∗−η∇L∗ l) (26)

Denote L∗ − η∇L∗ l as M, representing the argument of
the proximal operator at the optimal low-rank estimation.
The singular value decomposition (SVD) for L∗, M, and
prox f (M) yields,

L∗ = UΣVT (27)

M = UMΣ
MVT

M (28)

prox f (M) = UproxΣ
proxVT

prox (29)

where U, Uprox ∈ Rm×r; VT , VT
prox ∈ Rr×n; Σ,Σprox ∈ Rr×r

with Σ = diag({si}i=1,...,r), Σprox = diag({sprox
i }i=1,...,r).

UM ∈ Rm×m, VT
M ∈ Rn×n and ΣM is a m× n rectangular

diagonal matrix.

Without loss of generality, assume that s1 > s2 > · · · >
sr > 0, i.e., these singular values are distinct and positive,
thus ensuring column orderings are unique. Thus, we
may assert that U = Uprox, V = Vprox and Σ = Σprox due
to the uniqueness of SVD for distinct singular values in
L∗ = prox f (M).

According to Proposition 1,

prox f (M) = UM max
(
Σ

M−ηI,0
)

VT
M (30)

Note that the dimensionality of prox f (M) is less than that
of the value of M. To bridge the gap between them, we de-
fine diagonal sub-matrices ΣM

+ and ΣM
− . (In other words, we

partition ΣM into two sub-matrices ΣM
+ and ΣM

− .) For all sin-
gular values sM

i of M, i = 1,2, . . . ,min(m,n), if sM
i −η ≥ 0,

then sM
i is a diagonal element of the sub-matrix ΣM

+ , other-
wise, sM

i is a diagonal element of the sub-matrix ΣM
− . Hence,

max(ΣM
+ −ηI,0) = ΣM

+ −ηI and max(ΣM
− −ηI,0) = 0.

prox f (M) = U+
M
(
Σ

M
+ −ηI

)
(V+

M)T

where U+
M (V+

M) are left-singular (right-singular) vectors
corresponding to ΣM

+ , U−M and V−M are also defined respec-
tively. Again, due to the uniqueness of SVD, we have
U+

M = U and V+
M = V

We now rewrite the SVD formula for prox(M) and M
as,

prox(M) = U
(
Σ

M
+ −ηI

)
VT (31)



M = UMΣ
MVT

M

= U+
MΣ

M
+ (V

+
M)T +U−MΣ

M
− (V

−
M)T

= UΣ
M
+VT +U−MΣ

M
− (V

−
M)T (32)

By definition of M,

M = UΣVT −η∇L∗ l (33)

Equation (26) and (31) indicates that,

UΣVT = U(ΣM
+ −ηI)VT (34)

Σ = Σ
M
+ −ηI (35)

By Equation (32), (33), and (35), we have

−∇L∗ l = U
(
Σ

M
+ −Σ

)
VT +U−MΣ

M
− (V

−
M)T

= UVT +
1
η

U−MΣ
M
− (V

−
M)T (36)

Note that every diagonal element sM
−i in ΣM

− satisfies 0M
−i ≤ η.

Hence,

||∇L∗ l||2 ≤ ||UVT ||2 +
1
η
||U−MΣ

M
− (V

−
M)T ||2

≤ λ1

r

∑
i
||U:iV T

:i ||2 +
min(m,n)−r

∑
j=1

sM
−i

η
||[U−M]: j([V−M]: j)

T ||2

(37)

≤min(m,n) (38)

where U:i or V:i is the i-th column in matrix U or V, and
[U−M]: j or [V−M]: j is the j-th column in matrix U−M or V−M .

Summarizing the proof of Theorem 2, the gradient of the
loss function at the estimated low-rank matrix is bounded by
a unit ball within the original problem space that has radius
of the low-rank regularization parameter . The relaxation of
the bound partially comes from the second term in inequality
(37). This implies that the bound is tighter if the rank of L∗

is increased.
Based on the gradient bound given in Theorem 2, we

now bound the estimation error of the learned low-rank
matrix L∗. Although the value of the bound is not explicit in
this proof, in some cases we are able to explicitly calculate
its value.

Corollary 1. Learned Low-Rank Matrix Estimation Er-
ror. The error ||L∗ −L0||2 is bounded by the diameter of
minimum-sized ball that include the following set

{L : ||∇Ll||2 ≤min(m,n)}

Proof. The proof directly follows from Theorem 2 and the
fact that ∇L0 l = 0.

Since the loss function l(·) is convex, the Euclidean
norm of its gradient ∇Ll is non-decreasing as the Euclidean
distance ||L−L0||2 is increasing.

When the loss function is sharp around its minima, then
{L : ||∇Ll||2 ≤ min(m,n)} is a small region which implies
that L∗ is a good estimation of L0.

We next bound the likelihood divergence when the loss
function l(·) is a likelihood function. To do this, we use
Theorem 2 and Corollary 1 to construct a variational bound.

Theorem 3. Variational Bound on Estimated Likelihood

|4l| ≤min(m,n) ||L∗−L0||2

Proof. By the Lagrangian mean value theorem, there exists
L1 ∈ {L : Li j ∈

[
L∗i j,L

i j
0

]
} such that,

l(L∗;X,S)− l(L0;X,S) = 〈∇L1 l,(L∗−L0)〉
≤ ||∇L1 l||2||L∗−L0|| (39)

where 〈A,B〉 denotes inner product of vec(A) and vec(B), in
which vec(·) is the matrix vectorization operator.

Because of the convexity of l(·), ||∇L1 l||2 ≤ ||∇L∗ l||2.
By Theorem 2,

|4l|= l(L∗;X,S)− l(L0;X,S) (40)
≤min(m,n) ||L∗−L0||2 (41)

Summarizing the proof of Theorem 3, the variational
bound of the estimated likelihood depends on both the bound
of gradient of the likelihood function l(·) given in Theorem 2
and the property of the likelihood function in the neighbor-
hood of its optima L0 as described by Corollary 1.



Notation Description Notation Description

xc Customer || · || l2 Norm

xd Design || · ||1 l1 Norm

h Features || · ||∗ Nuclear Norm

N Number of Data Points L Low-Rank Matrix

M Dimension of Original Variables S Sparse Matrix

K Dimension of Features λ1
Nuclear Norm Regularization

Parameter

n,m,k Indices for N,M,K λ2
Sparsity Regularization Parameter

(LSD)

p,q Indices for Arbitrary Design Pair λ3
Sparsity Regularization Parameter

(RBM)

j Index for Arbitrary Customer u,v Arbitrary Vectors (used for Proof)

y( jpq)
Indicator Variable of Purchased

Design prox f (·) Proximal Operator for f

Xc All Customers U,Σ,V Matrices of SVD Decomposition

Xd All Designs si Singular Value

y All Purchase Design Indicators t Step Index for Proximal Gradient

α l2 Norm Regularization Parameter η Step Size for Proximal Gradient

ω,Ω
Part-Worth Coefficients of

Preference Model: Vector, Matrix EG,EB,EC
Energy Function for Gaussian,

Binary, and Categorical Variables

ε jp Gumbel Random Variable MG,MB,MC
Dimension of Gaussian, Binary,

and Categorical Original Variables

T Transpose Zm Dimension of Categorical Variable

[·, ·] Vector Concatenation wmk Weight Parameter for RBM

⊗ Outer Product ak,bm Bias Parameter for RBM Units

Ss(·) Soft-Threshold Operator δ Delta Function

D(·) Singular Value Threshold
Shrinkage Operator σ Sigmoid Function

P(·) Probability r Rank of Low-Rank Matrix

E [·] Expectation γ
Feature / Original Variable Size

Ratio

θ Parameters (Generic) β
Sparsity Activation Target for

RBM

Table 4. Notation and description of symbols used in this study.
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